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Abstract 

Recently, an interesting dilogarithmic integral arising in quantum 
field theory has been closed-form evaluated in terms of the Clausen 
function C1 2 (0) by Coffey [J. Math. Phys. 49 (2008), 093508]. It 
represents the volume of an ideal tetrahedron in hyperbolic space 
and is involved in two intriguing equivalent conjectures of Borwein 
and Broadhurst. It is shown here, by simple and direct arguments, 
that this integral can be expressed by the triplet of the Clausen 
function values which are involved in one of the two above-mentioned 
conjectures. 
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1. Introduction and statement of the results 

In a recent paper Coffey [7, Theorem 1] has evaluated the integral 
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in a closed form in terms of the Clausen function Cl 2 (#) (see Sec. 2) 

h = ^r [Cl 2 (2w + ) + 2C1 2 (#+) - Cl 2 (2w+ + 26+)} (1.2a) 
7V7 

where 



lu+ = -tan" 1 ( 2 v^V^ = tan" 1 (V7) - 2e and 6+ = tan^ 1 . (1.2b) 

This and other numerous related integrals arose out of some studies in quantum 
field theory, in analysis of hyperbolic manifolds whose complementary volumes result 
from evaluations of Feynman diagrams [3-8, 13]. The integral I7 is the simplest of 
998 empirically determined cases where the volume of a manifold is rational multiple 
of values of various Dirichlet L series (see Sec. 2). I7 was numerically computed 
with high accuracy (using highly parallel tanh-sinh quadrature) and represents the 
volume of an ideal tetrahedron in hyperbolic space. 

Two intriguing equivalent conjectures concerning J7 have arisen. First, it is con- 
jectured by Borwein and Broadhurst [4] that 
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/ 7 = L_ 7 (2) (1.3) 



where (see Sec. 2) 



L -7(2) — [(7m+l) 2 + (7m+2) 2 (7m+3) 2 + (7m+4) 2 (7m+5) 2 (7m+6) 2 

m=0 

= £ [C (2, 7 ) + C (2, f ) - C (2, f ) + C (2, |) - C (2, f ) - C (2, f )] (1.4') 
= ^[C1 2 (^)+Cl 2 (^)-Cl 2 (f)]. (1.4") 

It should be noted that equations (1.4) and (1.4') have been previously given 
by Coffey [7]. The ? here indicates that numerical verification (to 20,000 digit 
precision) has been performed but that no formal proof of this " identity" is known 
[2,4]. Second, the 1,800 digit agreement was found (by integer relation detection 
algorithm) for the following unexpected relation between six values of Ck-^) (c./. 
Eq. (1.4") above) [4] 

L_ 7 (2) = ^i=[3Cl 2 (20 7 )-3Cl 2 (4(/) 7 ) + Cl 2 (60 7 )], <fo = tan" 1 (y/fj . (1.5) 

In this sequel to the work of Coffey [7, 8] the integral I7 is evaluated in a closed 
form 

h = ^= [3Cl 2 (2</> 7 ) - 3C1 2 (40 7 ) + Cl 2 (6</> 7 )] (1-6) 

by simple and direct arguments and our result, unlike (1.2a), contains one of the two 
triplets of the Clausen function values which are involved in the conjecture (1.5). 
We have been unable to deduce (1.6) from Coffey's result (1.2a) and vice versa by 
the usual integration techniques. 

2. Clausen function and Dirichlet L series 

The Clausen function (of order 2) Cl 2 (#), sometimes also called the Clausen inte- 
gral, is a real function for all G M and is given by ( [14, p. Ill, Eq. (45)] 



- smM) = _^ ln 

m= 1 

The standard texts on the theory of C1 2 (0) (and various related functions) are 
Lewin's books [11,12] and several new results can be found in de Doelder [9], Gros- 
jean [10] and Coffey [7,8]. Some elementary properties and special values of C1 2 (0) 
are: 
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a) Cl 2 (-0) = -C1 2 (0), 

b) C1 2 (0 + 2nnr) = C1 2 (0), for m e Z, 

c) Cl 2 (7r + 0) = -Cl 2 (7r-0) 

d) Cl 2 (mvr) = 0,for m G Z. 
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Define Dirichlet L series (modulo d) L^(s) in the following way 



M.) = f (-) ± 

n= 1 x ' 



(2.2) 



where (^) is the Kronecker symbol (for more details, see, for instance, [1]). 

Symbol (^) only assumes values 1,-1 and 0, it is a periodic function with a 
period of \d\ for an admissible d so that L^(s) can be expressed as the following 
finite sum 

Ms) = l^|(£> c ( s 's)' 

where ((s,a) denotes the Hurwitz (or generalized) zeta function 

oo ^ 

C(a,o) = , T Vs (W>1; a ^{0,-1,-2,...}. 
(m + a) s 
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If d < 0, then (^) has the Fourier series expansion 
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The sequence (-^) , n G N, is periodic in n with a period of 7, its first seven values 
are: 1, 1, —1, 1, —1, —1,0 and its expansion is 
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It is clear then that 



L_ 7 ( S ) = ±[c (s, i) + c («,?)- c f ) + c («, I) - C (*, f ) - C (s, §)] 



[(7m+l) s + (7m+2) s (7m+3) 3 + (7///+ TP " (7m-.-))" "' (7/)/+(>P 
m=0 



so that for s = 2 we have the values of L_ 7 (2) given by (1.4) and (1.4'). In addition, 
the value of L_ 7 (2) in terms of the Clausen function (1.4") follows from (2.1), (2.2) 
and (2.4). 

3. Proof of equation (1.6) 

In order to evaluate the integral given by equation (1.6) we shall need the following 
two results. The Lemma 2 is familiar multiplication formula for the Clausen function 
Ch(0) (see, for instance, [12, p. 105, Eq. (4.24)]) and we include it and its proof for 
the sake of self-containedness. In addition, both integrals, (3.1) and (3.2), given by 
Lemma 1 are essentially the same as the integral in (3.5) below, which, in turn, can 
be found in well-known books by Lewin [11, 12] (see, for instance, [12, p. 308, Eq. 
(37)]). 
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Lemma 1. In terms of the Clausen function C1 2 (0) defined as in (2.1), we have: 



a) 



Wtan(») + tangA 
\tan(6») - tan(0) / 



b) 



= ~ Cl 2 (2x + 20) + ^ Cl 2 (2x - 20) + l - Cl 2 (40); (3.1) 



Wtan(0) + tan(0U 
Vtan(0) - tan(0) / 

= 1 Cl 2 (2z + 20) - ± Cl 2 (2x - 20) - 1 Cl 2 (40). 



Lemma 2 (Multiplication formula). For m £ N, we have 



ChimO) = m Cl 2 f 6> + £ — j 

£=0 ^ m ^ 



In particular 



(3.2) 



and 



- Cl 2 (2 0) = C1 2 (0) + Cl 2 (vr + 0) = C1 2 (0) - Cl 2 (7r - 0) 



i Cl 2 (30) = C1 2 (0) + ci 2 (e + ^j+ ci 2 (<? - y) ■ 



(3.3) 



(3.4) 



To prove Lemma 1, first observe that In [tan(0) + tan(0)] can be rewritten as 
follows 



In [tan(0) + tan(0)] = In 



sin(0 + 0) 



= In 



cos(0) cos(0) 
In [sin (0 + (/))] - In 
26 + 2(f> 



2 sin 
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In 



2 sin 



- In [cos(0)] 
tt-29 



— In [cos(0)] 



and consequently 



J In [tan(0) + tan(0)] d6 = - In [cos(0)] + 1 ^ In 2 sin (|) 



(in 
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2 sin 



27 J 



where 



u = 29 + 20 and v = vr - 20, 
so that the above integral, in view of the definition of C1 2 (0) in (2.1), at once yields 
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In [tan(0) + tan (<f>)] dO = - In [cos (<f>)] 9 



- X - Cl 2 (20 + 2<f>) - X - Cl 2 (7r - 29) + C. (3.5) 

Finally, upon noting that Cl2(0) = (see the definition of Cl2(0) in (2.1)), the 
required formulae (3.1) and (3.2) are readily available from (3.5). 

It should be noted that Coffey [8, Sec. 6] has evaluated around dozen new integrals 
that are expressible in terms of the function Ci2(x), examples of which are 

n I In [sin(/c0) + sin(a)] dO 
Jo 

= C\ 2 (a) - C1 2 (kx + a) + Cl 2 (a - kx + vr) - Cl 2 (a + tt) - x Kin 2 
for k > and \x\ < \a\, and 

—k / In |cos(a) — cos(k#)| d9 = C1 2 (kx — a) + C12(kx + a) + x Kin 2, 
■/ o 

for a£l, but (3.5) as well as (3.1) and (3.2) are not included in his analysis. 
To prove Lemma 2 we apply the well-known trigonometric formula 



m— 1 



sin 



m / 
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m sin(n#) if m \ n 



Hence 



m— 1 



VC1 2 (* + ^) = V V^sin n(# + £- 



,2tt\ 
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e= i v ; 



n = 1 
m | n 



We conclude this section with the proof of (1.6). Indeed, we may make use of 
Lemma 1 since the integral I7 could be decomposed as 



7\/7 



Jn/3 \tan(^)-tan(fl); J H \ 



n/2 /tan(0) +tan(^> 7 



tan(0) — tan(07) 



d0, (3.6) 



^7 = tan" 1 (v 7 ^) ~ 1.209429202888189 being the only singularity inside the interval 
{7r/3,7r/2}, and in this way we arrive at 



7V7 T 1 



( ■!<>;■ ■ ■ CI, (2^7 -y 



Cl 2 (vr + 2(j) 7 ) 



(3.7) 
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On the other hand, by means of the triplication and duplication formulae, (3.3) and 
(3.4), we have 

Gl 2 ^20 7 + y ) + Cl 2 ^20 7 ~y) = \ Ch ^ ~ Ch (2< ^ 

and 

Cl 2 (vr + 20 7 ) = \ Cl 2 (40 7 ) - Cl 2 (20 7 ) 
thus from (3.7) it follows 

^ h = I [3C1 2 (20 7 ) - 3C1 2 (40 7 ) + Cl 2 (60 7 )] , (3.8) 
which is the sought result given by (1.6). 
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